Abstract. The noncommutative stable homotopy category NSH is a triangulated category that is the universal receptacle for triangulated homology theories on separable C * -algebras. We show that the triangulated category NSH is topological as defined by Schwede using the formalism of (stable) infinity categories. More precisely, we construct a stable presentable infinity category of noncommutative spectra and show that NSH op sits inside its homotopy category as a full triangulated subcategory, from which the above result can be deduced. We also introduce a presentable infinity category of noncommutative pointed spaces that subsumes C * -algebras and define the noncommutative stable (co)homotopy groups of such noncommutative spaces generalizing earlier definitions for separable C * -algebras. The triangulated homotopy category of noncommutative spectra admits (co)products and satisfies Brown representability. These properties enable us to analyse neatly the behaviour of the noncommutative stable (co)homotopy groups with respect to certain (co)limits. Along the way we obtain infinity categorical models for some well-known bivariant homology theories like KK-theory, E-theory, and connective E-theory via suitable (co)localizations. The stable infinity category of noncommutative spectra can also be used to produce new examples of generalized (co)homology theories for noncommutative spaces.
Introduction
The most widely studied bivariant homology theory of separable C * -algebras is Kasparov's KK-theory [30, 29] . A variant of KK-theory for separable C * -algebras with better excision properties was developed in [24] by using categories of fractions. The same theory attained a different description via asymptotic homomorphisms through the work of Connes-Higson [12] , which eventually came to be known as bivariant E-theory. In the construction of bivariant E-theory one applies a stabilization by the compact operators in order to enforce C * -stability. It was shown separately by Connes-Higson and Dȃdȃrlat [17] that one obtains an aperiodic bivariant homology theory on the category of separable C * -algebras after infinite suspension if the stabilization by compact operators is left out. Furthermore, the associated univariant (co)homology theory recovers the stable (co)homotopy theory of a commutative unital C * -algebra, whose spectrum is a finite CW complex. Therefore, this bivariant homology theory is called the noncommutative stable homotopy theory. HoughtonLarsen-Thomsen showed in [25] that this theory admits a universal characterization, which is useful for analysing its formal properties. Finally Thom showed in [54] that the category of separable C * -algebras equipped with the bivariant stable homotopy groups admits a natural triangulated category structure and called it the noncommutative stable homotopy category. We denote this triangulated category by NSH. It contains the Spanier-Whitehead category of finite spectra as a full triangulated subcategory. Strictly speaking, the Spanier-Whitehead category sits contravariantly inside NSH; however, in view of Spanier-Whitehead duality we may ignore this issue. The bivariant E-theory category appears as a Verdier quotient of the triangulated category NSH. Therefore, noncommutative stable homotopy theory is a sharper invariant than bivariant K-theory for nuclear separable C * -algebras. However, the triangulated category NSH is plagued by certain shortcomings from the viewpoint of homotopy theory. Its deficiencies are similar to those of the finite stable homotopy category. One way to address this problem is to construct a stable model category and show that NSH is a full triangulated subcategory of its homotopy category. This was an open question in [54] and in the language of Schwede [50] this problem can be stated as: Is NSH a topological triangulated category? This question is also important from the perspective of the global structure of NSH and questions of this nature can be traced back to [48] . It was shown by Andersen-Grodal that one cannot construct a model structure on the category of C * -algebras that models the standard homotopy category of C * -algebras [1] (see also [55, 26] ). It must be noted that the category of all C * -algebras is closed under small limits and colimits. Hence there is a trivial model category structure on the category of all C * -algebras; one declares every isomorphism to be a weak equivalence and every * -homomorphism to be a fibration as well as a cofibration.
We solve the above-mentioned problem using the modern technology of infinity categories. We construct a stable infinity category of noncommutative spectra that has several appealing features to serve as the right framework for stable homotopy theory in noncommutative topology. To this end we freely use of the work of Lurie [37, 36] on (stable) infinity categories, which uses the quasicategory model of Joyal [28, 27] based on an earlier seminal work by Boardman-Vogt [7] . The formalism of (stable) infinity categories is one of the several possible frameworks for studying higher category theory. It offers a robust setup with an extensive selection of computational tools and structural results. In the setting of stable infinity categories a universal characterization of higher algebraic K-theory has recently been obtained by Blumberg-Gepner-Tabuada [6] . It will play an important role in a follow up article [39] , where we are going to provide some further applications of the setup that we develop here. We briefly discuss some related constructions in the literature.
Similar questions have been addressed in the setting of Quillen model categories by Joachim-Johnson in [26] and by Østvaer in [46] . The homotopy category of the model category constructed by Joachim-Johnson is an enlarged KK-category. It is plausible that this model category is related to a (co)localization of our stable infinity category of noncommutative spectra (see Remark 2.29) . The stable homotopy category of Østvaer is motivic in nature and differs from NSH. Let us mention that one can also perform homotopy theory within the world of C * -algebras in the setting of a category of fibrant objects following Brown [48, 49, 55] . There is also a model category of C * -categories [20] , whose homotopy category is different from the ones that we consider. Staying at the level of triangulated (homotopy) categories we have at our disposal the suspension stable homotopy category ΣHo C * of all (possibly nonseparable) C * -algebras constructed in [14] . Topological triangulated categories have good structural properties but for computational purposes it is useful to have an algebraic model. Unfortunately, NSH is not algebraic according to the definition of Keller [31] . Indeed, algebraicity passes to triangulated subcategories and NSH contains a nonalgebraic triangulated subcategory, viz., the opposite of the finite stable homotopy category. However, there are reasons to remain optimistic on the algebraization problem. Recently Bentmann showed in [4] that after restricting one's attention to suitable triangulated subcategories of certain (co)localizations of NSH, one might expect algebraic models since they have infinite n-order. The n-order of a triangulated category was defined by Schwede in [51] and it is infinite for an algebraic triangulated category. Here is a glossary of our constructions for the benefit of the reader:
(1) SC * ∞ : infinity category of separable C * -algebras, (2) NS * : infinity category of pointed noncommutative spaces, (3) Sp(SC * ∞ ): minimal stabilization of separable C * -algebras, (4) NSp: stable infinity category of noncommutative spectra.
There is also a stabilization infinity functor Σ ∞ S : NS * → NSp that can be regarded as the suspension spectrum functor in noncommutative topology. The opposite of the infinity category SC * ∞ is our model for the infinity category of pointed compact metrizable noncommutative spaces. The infinity categories SC * ∞ and NS * are canonically enriched over the infinity category of pointed spaces. The stable infinity categories Sp(SC * ∞ ) and NSp are both useful for the study of bivariant homology theories; however, NSp has better formal properties by design. The infinity category NS * (resp. NSp) is presentable so that one can always extract a combinatorial simplicial model category (resp. combinatorial simplicial stable model category), whose underlying infinity category is NS * (resp. NSp). As a byproduct of this methodology we obtain stable infinity categorical models for E-theory, connective E-theory or bu-theory, and KK-theory denoted by E ∞ , bu ∞ , and KK ∞ respectively. The associated triangulated homotopy categories all turn out to be topological (see Remark 2.29) . Recently Ivankov-Meyer also announced an independent construction of infinity categorical models for E-theory and KK-theory. Let us mention that some of our constructions described above can be generalized to a larger class of topological algebras like locally convex algebras (see Remark 2.28 ). An outline of the article is as follows:
In section 1 we briefly recall the construction of the triangulated noncommutative stable homotopy category NSH following [54] . We analyse some of its features and also construct its p-localization as a monoidal triangulated category for any prime p. The triangulated category NSH is a (rough) counterpart of the triangulated category of finite spectra; there are also some deviations (see [38] ). Nevertheless, it seems reasonable to expect that it be contained fully faithfully in the homotopy category of every model for noncommutative stable homotopy theory and this is the guiding philosophy behind the constructions in this article.
In Section 2 we construct infinity categorical models for both unstable (denoted by NS * ) and stable (denoted by NSp) homotopy categories of noncommutative pointed spaces. We also construct a canonical fully faithful exact functor from the triangulated category NSH to the homotopy category of the stable infinity category NSp op . Using this result we give an affirmative answer to the question whether NSH is topological (see Theorem 2.27). As a consequence we obtain two different descriptions of the noncommutative stable homotopy category NSH; one is a convenient setting for analysing the formal categorical properties, while the other comes in handy for explicit computations. The stable infinity category of noncommutative spectra NSp has several attractive features like canonical enrichment over spectra and the ease of further localization, to mention only a few. It also has the advantage of satisfying Brown representability in complete generality (see Theorem 2.23). It is well-known that very few (co)homology theories are (co)respresentable in NSH. Using the stable infinity category NSp one can construct new generalized (co)homology theories for C * -algebras that will appear elsewhere. In subsection 2.5 we also exhibit a comparison functor from NSH to the noncommutative stable homotopy category of Østvaer that should be studied further.
Finally in Section 3 we define the noncommutative stable (co)homotopy groups of all noncommutative pointed spaces using noncommutative spectra and study their behaviour under certain (co)limits (see Theorem 3.13). Our definitions generalize the earlier ones for separable C * -algebras (see [11, 17] ). We emphasize the simplicity of the arguments in this section, which is made possible by our construction of NSp. It was mentioned earlier that in [14] the authors introduced a suspension stable homotopy category ΣHo C * for all (possibly nonseparable) C * -algebras. However, the authors themselves stated that ΣHo C * may not be the right stabilization of all C * -algebras. For instance, it is not clear whether the behaviour of (co)representable functors under (co)limits in ΣHo C * can be phrased as easily as in our construction (see Remarks 3.1 and 3.3). We conclude with some basic computations for finite group C * -algebras. In a forthcoming article we shall compute the noncommutative stable cohomotopy groups of ax + b-semigroup C * -algebras associated to number rings.
Notation and conventions:
In this article an infinity category will always mean an (∞, 1)-category and we are going to write it as ∞-category following the literature. Unless otherwise stated, a C * -algebra is assumed to be separable. A limit (resp. colimit) in the context of ∞-categories is assumed to be an ∞-limit (resp. ∞-colimit). Similarly, a localization in the context of ∞-categories will mean a (Bousfield) localization of ∞-categories. In order to keep the exposition concise we have refrained from discussing the rich theory or history of ∞-categories. Interested readers are encouraged to peruse [7, 37, 36, 28, 27] , amongst others, for material pertinent to the quasicategory model that we have used here and to consult [5] for a comparison of the different formalisms.
Remark. Since SC * op is the category of noncommutative pointed compact metrizable spaces, it is NSH op that deserves the title of noncommutative stable homotopy category. The triangulated category NSH should be regarded as the suspension stable homotopy category of separable C * -algebras as in [14] . Nevertheless, we stick to the established nomenclature [54] . [17] independently showed that the asymptotic homotopy classes of asymptotic homomorphisms between separable C * -algebras lead to a satisfactory notion of noncommutative (stable) homotopy theory after suspension stabilization. This construction was put in the context of triangulated categories by Thom in [54] .
In stable homotopy theory the Spanier-Whitehead category of finite spectra, denoted by SW f , is a fundamental object of study. It is constructed by formally inverting the suspension functor in the homotopy category of finite pointed CW complexes. More precisely, its objects are pairs (X, n), where X is a finite pointed CW complex and n ∈ Z. Let S denote the reduced suspension functor. The morphisms in this category are defined as
, where the colimit is taken over the suspension maps. The category SW f is a triangulated category, where the distinguished triangles are those which are equivalent to mapping cone triangles.
One possible formulation of the Gel'fand-Naȋmark correspondence is that the category of pointed compact metrizable spaces with pointed continuous maps is contravariantly equivalent to the category of separable commutative C * -algebras with * -homomorphisms via the functor (X, x) → C(X, x). Here C(X, x) denotes the C * -algebra of continuous complex valued functions on X vanishing at the basepoint x ∈ X. Let us denote by SC * the category of separable C * -algebras and by HoSC * its homotopy category. Let HoSC * [Σ −1 ] be the category, whose objects are pairs (A, n), A ∈ SC * and n ∈ Z, with morphisms defined as
Here Σ(−) = C 0 ((0, 1), −) denotes the suspension functor in the category of C * -algebras and [−, −] denotes homotopy classes of * -homomorphisms. This is the most direct generalization of SW f to the noncommutative setting. It admits a canonical triangulated category structure similar to the Spanier-Whitehead construction described above (see, e.g., [19] for more details). There is an evident functor SC * → HoSC * [Σ −1 ], which sends A ∈ SC * to (A, 0) and any * -homomorphism to its suspension stable homotopy class. For any * -homomorphism 
where [[−, −]] denotes the asymptotic homotopy classes of asymptotic homomorphisms. Re-
is called the asymptotic algebra of A. An asymptotic homomorphism from A to B is simply a * -homomorphism A → UB. Two asymptotic homomorphisms φ 1 , φ 2 : A → UB are said to be asymptotically homotopic if there is a
Remark 1.1. The asymptotic algebra of a separable C * -algebra is almost never separable. We are not going to regard it as an object in NSH; it merely plays a role in the definition of asymptotic homomorphisms. If two asymptotic homomorphisms are homotopic as * -homomorphisms, then they are also asymptotically homotopic; the converse usually does not hold. Thus there is always a canonical map
In order to avoid notational clutter the objects of the form (A, 0) will henceforth be simply denoted by A. A diagram of the form
in NSH is called a distinguished triangle if (up to suspension) it is equivalent to a mapping cone extension [15] 
We quote the following result from [54] . Theorem 1.2 (Thom). Equipped with the distinguished triangles as described above and the maximal C * -tensor product⊗, NSH is a tensor triangulated category.
Remark 1.3. The author denoted the noncommutative stable homotopy category by S in [54] . Since there is a profusion of the letter 'S' appearing in different contexts in this article, we have decided to denote it by NSH. We hope that this descriptive choice of notation will avoid confusion in the literature.
Performing localizations of this category one obtains interesting bivariant homology theories on the category of separable C * -algebras, which is a viewpoint that was advocated in [54] .
Example 1.4. We give only two examples below; some other interesting possibilities are easily conceivable.
(1) By localizing all the corner embeddings A → A⊗K one obtains the bivariant ConnesHigson E-theory [12] . It follows that NSH(A, B) ∼ = E 0 (A, B) in the category of stable C * -algebras; in fact, the stability of B suffices. (2) By localizing all the corner embeddings A → M 2 (A) one obtains a connective version of bivariant E-theory that was introduced in [54] . It is a noncommutative generalization of bivariant bu-theory of spaces.
Remark 1.5. The Spanier-Whitehead category of spectra (not necessarily finite) is not the right framework for stable homotopy theory. For instance, it does not contain arbitrary coproducts. However, there is a consensus that every model for stable homotopy category should contain the finite Spanier-Whitehead category SW f as a full triangulated subcategory of its homotopy category. Since we are roughly dealing with the noncommutative version of the finite Spanier-Whitehead category, the naïve stabilization described above suffices.
1.1. Localization at a prime p. Experience from algebraic topology teaches us that it might be worthwhile to study the noncommutative stable homotopy category by localizing it at various primes. There is an easy construction of a p-local version of NSH. For any prime number p one can define the p-local version of NSH, denoted by NSH p , by tensoring the Hom-groups NSH(−, −) with Z (p) . Here Z (p) denotes the localization of Z at the prime ideal pZ. Let us set S = (C, 0) in NSH, which is also the unit object with respect to the tensor product⊗. Then there is an exact localization functor NSH → NSH p between triangulated categories. Furthermore, NSH p admits the structure of a tensor triangulated category, such that if we denote by S p the image of S under the localization functor, then S p is a unit object in NSH p and the localization functor is monoidal (see, for instance, Theorem 3.6 of [2] ). For the benefit of the reader we record it as a Lemma. Lemma 1.6. There is a monoidal exact p-localization functor NSH → NSH p .
Note that SW
f is equivalent to its opposite category due to Spanier-Whitehead duality and it sits inside NSH via the construction (X, x) → C(X, x). Therefore, various results concerning SW f continue to hold inside NSH. For any object A ∈ NSH, the n-fold multiple of id A ∈ NSH(A, A) is denoted by n · A and the mapping cone of this morphism is denoted by A/n. Proposition 1.7. For an odd prime p, one has p · A/p = 0 for every A ∈ NSH.
Proof. It is known that for an odd prime p, one has p · S p = 0 in SW f (see Proposition 5 of [50] ). In NSH there is an exact triangle
Applying A⊗− to the above triangle one obtains the distinguished triangle
Remark 1.8. The author is grateful to the referee for pointing out that the naïve localization procedure described above may not be the best option from the viewpoint of Bousfield localization. In the next section we are going to embed NSH op inside a compactly generated triangulated category hNSp (see Theorem 2.26), which facilitates such constructions.
Noncommutative spaces and noncommutative spectra
We are interested in (co)localizations of the noncommutative stable homotopy category NSH since one can produce generalized (co)homology theories for separable C * -algebras via this procedure. One would have access to a very elegant theory of (co)localization (enabling constructions like Lemma 1.6 in a generalized setup) if one could construct a combinatorial stable model category, whose homotopy category contained NSH as a full triangulated subcategory. Various features of NSH (including Proposition 1.7 above) indicate that such a construction is viable demonstrating that NSH has a homotopy theoretic origin. We rephrase this as a natural question: Question 2.1. Is NSH a topological triangulated category?
Roughly speaking, a topological triangulated category is one which is equivalent to a full triangulated subcategory of the homotopy category of a stable model category (see [52] for a more accurate definition). Since NSH does not contain arbitrary coproducts, it cannot be equivalent to the homotopy category of a stable model category. One can try to rectify the situation by passing to the Ind-completion of NSH. However, it is known that the Ind-completion of a triangulated category need not be triangulated [10] . Moreover, several important constructions in homotopy theory rely on manoeuvres in the actual category of spectra, rather than its homotopy category. Thus we construct a stable ∞-categorical model of noncommutative spectra and show that NSH naturally sits (contravariantly) inside its homotopy category as a fully faithful triangulated subcategory. Our constructions rely on the elegant framework of (stable) ∞-categories developed by Joyal and Lurie [28, 27, 37, 36] . From the stable ∞-category of noncommutative spectra one also gets a combinatorial simplicial stable model category, whose homotopy category houses NSH op explaining its homotopy theoretic origin.
2.
1. An ∞-category of pointed compact metrizable noncommutative spaces. The category of C * -algebras is canonically enriched over that of pointed topological spaces. In order to remember the higher homotopy information it is important to keep track of the topology on the mapping sets. For any pair of C * -algebras A, B, we equip the set of * -homomorphisms, denoted by Hom(A, B), with the topology of pointwise norm convergence. In the category of separable C * -algebras Hom(A, B) = SC * (A, B) is a metrizable topological space. Indeed, fix a sequence {a n } n∈N in A, such that lim a n = 0 and the C-linear span of the set {a n } is dense in A. Then the metric d(f 1 , f 2 ) = sup{ f 1 (a n ) − f 2 (a n ) B | n ∈ N} defines the desired topology on SC * (A, B). In fact, the category of separable C * -algebras SC * is enriched over the category of pointed metrizable topological spaces (see Proposition 23 of [42] ). We are going to refer to SC * as a topological category, when we endow it with the aforementioned enrichment but we do not introduce a new notation for it. Definition 2.2. By taking the topological nerve of the topological category SC * (as in Section 1.1.5 of [37] ) we obtain an ∞-category. We denote this ∞-category by SC * ∞ and it is the ∞-category of separable C * -algebras. Its opposite ∞-category is the ∞-category of pointed compact metrizable noncommutatives spaces.
Remark 2.3. The topological nerve of the topological category of CW complexes, where the mapping spaces are equipped with the compact-open topology, is called the ∞-category of spaces and denoted by S. The ∞-category S plays a distinguished role since every ∞-category C is canonically enriched over S, i.e., for any x, y ∈ C the mapping space C(x, y) ∈ S. In particular, SC * ∞ is enriched over S. Remark 2.4. Since the objects of SC * are separable C * -algebras, it admits a small skeleton. For the sake of definiteness one could select those separable C * -algebras that are concretely represented as C * -subalgebras of B(H) for a fixed separable Hilbert space H. One may replace SC * ∞ op by this equivalent small ∞-category in order to circumvent potential settheoretic issues in the sequel.
2.2.
A minimal stabilization of SC * ∞ . The natural domain for studying stable phenomena in the setting of ∞-categories is that of stable ∞-categories [36] . Rather tersely, it can be described as an ∞-category with a zero object 0, such that every morphism admits a fiber and a cofiber, and the fiber sequences coincide with the cofiber sequences. Recall that a fiber sequence (resp. a cofiber sequence) is a pullback (resp. a pushout) square
/ / Z. and in a stable ∞-category the two notions are equivalent. An ∞-functor between two stable ∞-categories is called exact if it preserves all finite limits or, equivalently, if it preserves all finite colimits. Every pointed ∞-category C admitting finite limits has a loop functor Ω C : C → C defined as a pullback (up to a contractible space of choices)
where 0, 0 ′ are zero objects. The dual construction, denoted by Σ C , produces the suspension functor, provided C admits finite colimits. In a finitely bicomplete and pointed ∞-category (Σ C , Ω C ) : C → C form an adjoint pair. The aim of stabilization is to invert the functor Ω C .
Remark 2.5. Given any C * -algebra one can construct its suspension staying within the category of C * -algebras. However, in order to construct its homotopy adjoint loop algebra one must leave the world of C * -algebras [48] . One needs the full strength of pro C * -algebras [47] . We are going to address this issue in a slightly different manner (see Definition 2.13 and Remark 2.15 below).
Let A be a pointed ∞-category with finite colimits and let B be an ∞-category with finite limits. Then an ∞-functor F : A → B is called excisive if it sends a pushout square in A to a pullback square in B and it is called reduced if F ( * ) is a final object in B, where * ∈ A is a zero object. Let Exc * (A, B) denote the full ∞-subcategory of the ∞-functor category Fun(A, B) spanned by the reduced excisive ∞-functors A → B. The ∞-category Exc * (A, B) is stable (see Proposition 1.4.2.16. of [36] ). Let S fin * denote the ∞-category of finite pointed spaces, which is an ∞-subcategory of the ∞-category of pointed spaces S * . Example 2.6. The stable ∞-category Exc * (S fin * , B) is usually denoted by Sp(B) and its objects are called the spectrum objects of B. Setting B = S * produces Lurie's model for the stable ∞-category of spectra, which is simply denoted by Sp. Moreover, any stable ∞-category is canonically enriched over Sp [36] (see also Example 7.4.14. of [22] ).
We are going to stabilize SC * ∞ using the procedure described above. To this end we show: Proposition 2.7. The ∞-category SC * ∞ possesses finite limits. Proof. Since the ∞-category SC * ∞ is constructed by taking the topological nerve of SC * , it suffices to show that the topological category SC * admits finite homotopy limits (see Remark 1.2.13.6. of [37] ). In fact, by dualizing Corollary 4.4.2.4. of [37] it suffices to check that SC * admits homotopy pullbacks and possesses a final object (which it evidently does). The category SC * actually admits all finite (ordinary) limits. Indeed, it is known that every small limit exists in the category of all (possibly nonseparable) C * -algebras (see Proposition 19 of [42] ). It can be proven by showing the existence of small products and equalizers of pairs of parallel morphisms. For an arbitrary set of C * -algebras {A i } i∈I , one can easily construct a product C * -algebra C * i∈I A i consisting of norm-bounded sequences of elements with the sup norm; the equalizer of any pair of parallel morphisms f 1 , f 2 : A⇒B is given by
The explicit description of the (ordinary) product reveals that the category of separable C * -algebras admits all finite (ordinary) products. It is also clear that the equalizer of any pair of parallel morphisms in SC * exists within it, whence SC * actually admits all (ordinary) finite limits. Now finite homotopy pullbacks can be constructed using standard techniques (see Chapter 11 of [9] ); note that for any finite pointed simplicial set (K, k) and any A ∈ SC * the natural function object C((|K|, k), A) ∼ = C(|K|, k)⊗A exists in SC * .
Remark 2.8. The ∞-category SC * ∞ is also pointed (there is a zero C * -algebra).
Lemma 2.9. In the ∞-category SC * ∞ one has Ω SC * ∞ A ∼ = ΣA = C 0 ((0, 1), A).
Proof. For any C * -algebra A, the homotopy pullback Ω SC * ∞ A of 0 → A ← 0 ′ in the topological category SC * is characterized by a weak equivalence
for every D ∈ SC * . Here the weak equivalence is in the category of pointed topological spaces over which SC * is enriched. The suspension-cone short exact sequence of C * -algebras
where the right vertical arrow is a Schochet fibration (or a cofibration according to the terminology of [49] ). Now observe that C 0 ([0, 1), A) is homotopy equivalent to 0 in SC * , exhibiting ΣA as a homotopy pullback in the topological category SC * . Indeed, for every D ∈ SC * one has Proof. The proof is similar to that of Lemma 2.9 using the fact that the functor SC * (D, −) : SC * → Top * preserves pullbacks for all D ∈ SC * (see Corollary 2.6 of [55] ).
Remark 2.11. The distinguished triangles in NSH can also be written as
which is more in keeping with the conventions in topology.
It follows that the above stabilization scheme is applicable to SC * ∞ . Following standard practice we are going to denote the homotopy category of any ∞-category A by hA. It is known that the homotopy category of any stable ∞-category is triangulated (see Theorem 1.1.2.14 of [36] ). The distinguished triangles are induced by the (co)fiber sequences described above. This phenomenon is one of the delightful features of stable ∞-categories; the simple and intuitive definition of stable ∞-categories (expressed as a property) produces quite elegantly triangulated categories as their homotopy categories. For the benefit of the reader we record the essential features of Sp(SC * ∞ ) below. Proposition 2.12. The stable ∞-category Sp(SC * ∞ ) is canonically enriched over Sp and the homotopy category hSp(SC * ∞ ) is triangulated. This loop stable triangulated category is helpful to construct new generalized (co)homology theories on the category of separable C * -algebras. However, we would like to model noncommutative stable homotopy and the above procedure produces a different stabilization. Moreover, this category does not admit all small colimits, which is a desirable feature. The second problem could have been rectified by enlarging Sp(SC * ∞ ) directly by formally adjoining all infinite colimits. We are going to follow a different route as it also produces an ∞-categorical model for pointed noncommutative spaces that are not necessarily compact.
2.
3. An ∞-category of pointed noncommutative spaces. For any regular cardinal κ there is a formal procedure to adjoin κ-filtered colimits beginning with an ∞-category A. The construction is denoted by Ind κ (A) and it is characterized by the property that it admits κ-filtered colimits and there is a Yoneda ∞-functor j : A → Ind κ (A) that induces an equivalence of ∞-categories One useful property that an ∞-category may possess is presentability. Intuitively, the presentability of an ∞-category ensures that it is a widely accommodating category (admits small colimits) and yet it is built on a small amount of data by simple procedures (accessible). The ∞-category SC * ∞ op admits all finite colimits; the assertion follows from the dual of Proposition 2.7. Now Theorem 5.5.1.1 (4) of [37] shows that Lemma 2.14. The ∞-category NS * = Ind ω (SC * ∞ op ) is presentable.
The canonical Yoneda embedding j : SC * ∞ op → Ind ω (SC * ∞ op ) = NS * preserves all finite colimits that exist in SC * ∞ op (see Proposition 5.3.5.14 of [37] ). It follows from Lemma 2.9 that Σ NS * j(A) ∼ = Ω SC * ∞ A for all objects A ∈ SC * ∞ op . The ∞-category NS * admits all finite limits (in fact, all small limits) and it is pointed by j(0). In the sequel we are going to view separable C * -algebras as objects of NS * via the Yoneda embedding j but suppress it from the notation for brevity. Applying the above stabilization mechanism we obtain a stable ∞-category Sp(NS * ). However, Sp(NS * ) is not our end goal; it is merely a precursor.
It follows from Proposition 1.4.4.4. of [36] op ) provides a set of compact objects in NS * , which generates NS * under filtered colimits (see Proposition 5.3.5.5 and Proposition 5.3.5.11 of [37] ). In fact, by construction NS * is compactly generated (see Section 5.5.7 of [37] ). Due to the presentability of NS * there is a combinatorial simplicial model category, whose underlying ∞-category is equivalent to NS * (see Proposition A.3.7.6 of [37] ). Remark 2.16. Using Proposition 1.4.2.24. of [36] we conclude that Sp(NS * ) is equivalent to the inverse limit of the tower of ∞-categories
in the ∞-category of ∞-categories. Hence we recover the familiar description of Ω-spectrum like objects from which one may conclude
for all separable C * -algebras A, B. 
there is a candidate for the functor Π : HoSC * → hSp(NS * ) op that induces a bijection between the morphism-groups
and satisfies the commutativity constraint. Due to the uniqueness of Π it must be this one, which is manifestly a fully faithful functor.
2.4.
The stable ∞-category of noncommutative spectra NSp. The stable ∞-category of noncommutative spectra is obtained as a (Bousfield) localization of Sp(NS * ). The goal of this localization L : Sp(NS * ) → S −1 Sp(NS * ) is to achieve the following: all short exact sequences of separable C * -algebras are made to behave like cofiber sequences in SC * ∞ op . For any * -homomorphism f : B → C in SC * there is a canonical map θ(f ) : ker(f ) → C(f ) in SC * ∞ , which can be viewed as an element in SC * ∞ op (C(f ), ker(f )). Now Stab(θ(f )) is a morphism in Sp(NS * ). We construct a strongly saturated collection of morphisms S (see Definition 5.5.4.5 of [37] ) in Sp(NS * ), which is of small generation starting from the small set
that is compatible with the triangulation as follows: Let A denote the stable ∞-subcategory of Sp(NS * ) generated by the set {cone(g) | g ∈ S 0 }. Then Ind ω (A) is a stable presentable ∞-subcategory of Sp(NS * ) (see Proposition 1.1.3.6 of [36] ). Let S denote the class of maps in Sp(NS * ), whose cones lie in the essential image of Ind ω (A). We deduce from Proposition 5.6 of [6] that S is a strongly saturated collection of small generation. Using the machinery of Section 5.5.4 of [37] we can construct an accessible localization ∞-functor L : Sp(NS * ) → S −1 Sp(NS * ). It also follows from Proposition 5.6 of [6] that S −1 Sp(NS * ) ≃ Sp(NS * )/Ind ω (A) as stable ∞-categories. Being born out of an accessible localization, the ∞-category S −1 Sp(NS * ) is presentable (see Remark 5.5.1.6 of [37] ) and the localized ∞-category can be viewed as the full ∞-subcategory of Sp(NS * ) spanned by the S-local objects. Here an object X ∈ Sp(NS * ) is called S-local if, for each morphism f : Y ′ → Y in S, the composition with f induces a homotopy equivalence Sp(NS * )(Y, X)
The localization ∞-functor L is the left adjoint to the inclusion of the full ∞-subcategory of S-local objects inside Sp(NS * ).
There is a composite right adjoint functor S −1 Sp(NS * ) ֒→ Sp(NS * )
Ω ∞ * → NS * , which plays the role of underlying infinite loop (noncommutative) space. Recall that an ∞-functor between stable ∞-categories is called exact if it commutes with finite limits (or, equivalently, if it commutes with finite colimits). We summarize the above discussion in the following: and the triangulated homotopy category of noncommutative spectra to be op . The deployment of heavy machinery pays rich dividends at this point, viz., using Lemma 2.22 we find that the triangulated category hNSp satisfies Brown representability. This is a major advantage of hNSp over NSH or other suspension stable homotopy categories of C * -algebras like ΣHo C * of [14] . Sometimes in the literature one studies Brown representability for abelian group valued functors that behave in a specific manner with respect to weak colimits. Here we use the formulation from Theorem 1.4.1.2 of [36] .
Theorem 2.23 (Brown representability). A functor F : hNSp
op → Set is representable if and only if it satisfies the following two conditions:
• The canonical map F ( β C β ) → β F (C β ) is a bijection for every collection of objects C β ∈ NSp, and • for every pushout square
Corollary 2.24. The triangulated category hNSp has arbitrary coproducts and products.
Proof. Existence of coproducts follows from the fact that NSp is presentable. To see the existence of products using Brown representability argue as follows: For any collection of objects X α ∈ hNSp the functor α hNSp(−, X α ) is representable and the representing object is the desired product α X α . It can also be deduced from the presentability of NSp, since presentable ∞-categories admit all small limits.
Remark 2.25. If a triangulated category T is compactly generated, then it does not imply that T op is also compactly generated. In fact, if a compactly generated triangulated category T satisfies some extra hypotheses, then one can show that T op is not well generated (see Appendix E of [44] ). Nevertheless, the opposite of a compactly generated triangulated category satisfies Brown representability [32] ; hence hNSp op satisfies Brown representability.
Theorem 2.26. The noncommutative stable homotopy category NSH can be realised as a full triangulated subcategory of hNSp op via a canonical exact functor.
Proof. We know from Proposition 2.17 that the functor Π : HoSC
op is fully faithful. Due to the compact generation of the triangulated category hSp(NS * ) (see Lemma 2.22), its localization with respect to the set of maps S (described in the second paragraph of subsection 2.4) can be viewed as a Bousfield localization L : hSp(NS * ) → hSp(NS * ), whose essential image consists of S-local objects [44] . This is precisely the triangulated category hNSp. Consider the (solid) commutative diagram of triangulated categories:
where V denotes the Verdier quotient functor. The composite functor
Thus it annihilates ker(V ), which is the thick subcategory of HoSC
op , making the above diagram commute. In order to proceed it is useful to consider the opposite of the above diagram (2):
For any triangulated category T let T c ⊂ T denote the thick subcategory of compact objects. Now ker(L) is the localizing subcategory of hSp(NS * ) generated by the set Π 
Thus we obtain the following commutative diagram: [33] one concludes that θ 2 is fully faithful and from Lemma 4.7.1 (1) of [33] one concludes that θ 1 is fully faithful. Thus π op is fully faithful and hence so is π : NSH → hNSp op .
Recently Schwede defined a topological triangulated category to be one, which is triangle equivalent to the homotopy category of a stable cofibration category as a triangulated category (see Definition 1.4 of [52] ). The Theorem 2.26 above already says that NSH is morally a topological triangulated category. Now we make it precise in terms of the above definition.
Theorem 2.27. The triangulated category NSH is topological.
Proof. Every full triangulated subcategory of a topological triangulated category is itself topological (see Proposition 1.5 of [52] ). Since we just showed that NSH is a full triangulated subcategory of hNSp op , it suffices to show that hNSp op is topological. Now hNSp op is itself a full triangulated subcategory of hSp(NS * )
op . Since Sp(NS * ) is a presentable ∞-category, there is a combinatorial simplicial model category A, whose underlying ∞-category is equivalent to Sp(NS * ) (see Proposition A.3.7.6 of [37] ). Endow A op with the opposite model structure and consider the underlying cofibration category, i.e., the full subcategory A op c consisting of all the cofibrant objects with the associated weak equivalences and cofibrations. The cofibration category A op c is stable owing to the stability of Sp(NS * ) op and its homotopy category is equivalent to hSp(NS * ) op by construction. This argument can be used to also prove that NSH op is topological.
Remark 2.28. The ∞-category SC * ∞ (resp. NS * ) is an ideal framework for homotopy theory of separable C * -algebras (resp. pointed noncommutative spaces). In fact, the methodology is applicable to a more general class of algebras at the expense of added complexity. Let us indicate how to proceed in the case of locally convex algebras. Let LC be the category of locally convex algebras and LC W be the subcategory of diffotopy equivalences (see Definition 4.1.3 of [16] ). Applying the Dwyer-Kan simplicial localization to the pair (LC, LC W ) produces a simplicial category [21] , whose homotopy coherent nerve is a simplicial set. We can take the fibrant replacement of this simplicial set with respect to the Joyal model structure on simplicial sets (see Theorem 2.4.6.1 of [37] ) to obtain an ∞-category LC ∞ , that serves as a good model. There are some other natural candidates like algebraic homotopy equivalences that may replace diffotopy equivalences in the above construction.
Remark 2.29. We constructed stabilizations of the category of separable C * -algebras and noncommutative pointed spaces as stable ∞-categories, namely, Sp(SC * ∞ ) and NSp respectively. Actually we can construct more interesting stable ∞-categories via (co)localizations.
denote the corresponding sets of morphisms in the opposite category SC * op . For any set T of morphisms in Sp(NS * ) let T denote the strongly saturated collection generated by T by the procedure described in the second paragraph of subsection 2.4. Localizing Sp(NS * ) with respect to the following sets of morphisms
, one obtains stable ∞-categories, whose opposite stable ∞-categories are our models for
• E-theory (denoted by E ∞ ),
• connective E-theory or bu-theory (denoted by bu ∞ ) respectively. If one localizes Sp(NS * ) with respect to S ′ ∪ Stab(M op 1 ) , where S ′ ⊂ S arises from those surjections in SC * that admit a completely positive contractive splitting, then one obtains yet another stable ∞-category. Its opposite stable ∞-category, denoted by KK ∞ , is our model for KK-theory. Since S ′ ⊂ S, one obtains a canonical exact ∞-functor KK ∞ → E ∞ . One could also localize Sp(NS * ) with respect to S ′ only. The opposite of this localized stable ∞-category will model the triangulated category ΣHo C * that appeared in [14] ; more precisely, ΣHo C * will be contained as a full triangulated subcategory of its homotopy category. All triangulated categories in sight will be topological.
2.5.
A comparison between NSH and Østvaer's stable homotopy category. Let us recall from [54] that a covariant functor from SC * (not viewed as a topological category) to a triangulated category T with suspension functor Σ is called a triangulated homology theory if it is homotopy invariant and for every short exact sequence
is an exact triangle in T. Furthermore, the exact triangle (5) should be natural with respect to morphisms of exact sequences. The canonical functor ι : SC * → NSH can be characterized as the universal triangulated homology theory (see Theorem 3.3.6 of [54] ).
In [46] the author constructs the stable model category of C * -algebras as follows: first an unstable model category containing C * -algebras is constructed as a cubical set valued presheaf category. Then one considers (bigraded) spectrum objects over the unstable model category to produce a stable model category. Finally the stable homotopy category SH * is obtained as a localization, which introduces the right formal properties that one should expect from this motivic setup. It follows from the above characterization of NSH as the universal triangulated homology theory that there is a canonical exact functor C : NSH → SH * (see Corollary 4.43 of [46] ). The functor C is reminiscent of the functor c : SH → SH(C) from the classical stable homotopy category to the motivic stable homotopy category (see, for instance, [34] ) and as such should be studied more thoroughly.
Noncommutative stable (co)homotopy groups and (co)limits
Using the stable ∞-category of noncommutative spectra NSp one can produce numerous generalized (co)homology theories for C * -algebras. We are going to investigate them in our subsequent work. Here we discuss the most fundamental example, i.e., noncommutative stable (co)homotopy. It is (co)represented by the (noncommutative) sphere spectrum Σ ∞ S (C). Consider the functors NSH(−, Σ n C) for all n ∈ N on the category SC * . If we insert C(X, x) into the first variable, where (X, x) is a finite pointed CW complex, the functors give the stable homotopy groups π n (X, x) naturally. Similarly the functors NSH(C, Σ n (−)) generalize the stable cohomotopy groups of finite pointed CW complexes. These functors give reasonable definitions of noncommutative stable (co)homotopy groups for separable C * -algebras [11] . A natural question is how to proceed beyond separable C * -algebras. Our methodology provides a satisfactory answer to this question.
Remark 3.1. In [14] the authors constructed a suspension stable homotopy category ΣHo C * for all (possibly nonseparable) C * -algebras. Unfortunately, in this triangulated category one has the following problem (see Section 6.3.1 of [14] ):
Hence the authors in [14] remarked that it may not be the right definition for the suspension stable homotopy category beyond separable C * -algebras.
In contrast our triangulated homotopy category of noncommutative spectra hNSp admits arbitrary coproducts and products (see Corollary 2.24). Thus it is more natural to introduce the noncommutative stable (co)homotopy groups of noncommutative pointed spaces using noncommutative spectra. In the sequel we show that in this setup it is quite simple to describe the behaviour of the resulting theory under sequential (co)limits.
3.1. Noncommutative stable (co)homotopy groups. In view of Theorem 2.26 and Remark 2.21 we propose the following definition of noncommutative stable (co)homotopy groups of noncommutative spaces. We leave out the corresponding definitions for noncommutative spectra, which are absolutely clear. For any separable C * -algebra A, we set for all n 0
, and
If n < 0 one puts the suspension functor in the other coordinate to define the corresponding groups. One recovers via π n (A) (resp. π n (A)) the n-th noncommutative stable cohomotopy (resp. noncommutative stable homotopy) group of A as defined in [54] .
Remark 3.3. Our formalism is able to treat the noncommutative stable (co)homotopy of nonseparable C * -algebras (or noncommutative pointed compact Hausdorff spaces) as well. Indeed, any nonseparable C * -algebra can be written as a filtered colimit of its separable C * -subalgebras. One can view this as a projective system in NS * and apply the above definitions to its ∞-limit in NS * . Our noncommutative stable (co)homotopy groups for genuinely nonseparable C * -algebras will in general not agree with those defined in [14] .
Remark 3.4. Noncommutative stable homotopy theory does not satisfy matrix stability or C * -stability. It is known that π 0 (M 2 (C)) ≃ 0, whereas π 0 (C) ≃ Z [38] . Nevertheless, M 2 (C) is not a zero object in NSH. If it were a zero object in NSH, then after an exact localization it would continue to be a zero object in the bivariant E-theory category. However, it is easily seen to be a non-zero object in the bivariant E-theory category because E 0 (M 2 (C)) ≃ Z.
3.2.
Behaviour with respect to (co)limits. There are stable (co)homotopy groups for general pointed compact Hausdorff spaces that are studied in shape theory (see, for instance, [41] ). One of the standard techniques to compute them is to break up a complicated (noncommutative) space into a diagram of small computable (noncommutative) spaces. For the benefit of the reader we illustrate this principle by recalling a basic property of stable cohomotopy groups from shape theory in the dual setting of commutative C * -algebras.
Theorem 3.5 (see, for instance, [45] ). Let {A n } n∈N be a countable inductive system of commutative separable C * -algebras. Then for all k ∈ Z one has an isomorphism
Proof. Let us first assume that k 0. Using Corollary 17 of [17] we may conclude that
If k < 0 then one puts the suspension Σ k in the first variable and argues similarly.
Remark 3.6. The above argument does not generalize to all noncommutative separable C * -algebras, since Σ m C fails to be semiprojective in the category of all separable C * -algebras for m > 1 [53] .
Corollary 3.7. The noncommutative stable cohomotopy groups of a commutative separable C * -algebra are countable in each degree.
Proof. Let us first assume that A is a separable commutative unital C * -algebra. Its spectrum X is a compact metrizable space. Being a compact metrizable space, it admits a description as a countable inverse limit of finite complexes, i.e., X ∼ = lim ← −n X n with each X n a finite complex (see, for instance, Theorem 7 of [41] ). This inverse limit expresses C(X) as a direct limit of commutative C * -algebras lim − →n C(X n ), whose noncommutative stable cohomotopy groups can be computed using Theorem 3.5, i.e., π * (C(X)) ∼ = lim − →n π * (C(X n )). Note that π * (C(X n )) is computable in terms of stable cohomotopy of the finite complex X n . Moreover, the stable cohomotopy groups of a finite complex are countable in each degree. The general case involving nonunital C * -algebras now follows by excision.
Since NSp is presentable, it admits all small limits and colimits. For simplicity we only treat the case of countable filtered (co)limits or sequential (co)limits in the sequel. In this case there is an elementary notion of a homotopy (co)limit in a triangulated category with (co)products [8] , which suffices for our purposes. Let T be a triangulated category with products and let Σ denote its suspension functor. Let {A n , α n } n∈N be a countable inverse system in T. Then its homotopy limit holim A n is defined by the following exact triangle:
Here the map µ :
A n sends the factor A n in the domain to the factor A n−1 in the codomain via α n . Dually, in a triangulated category with coproducts the homotopy colimit hocolim A n of a directed system {A n , α n } n∈N is defined by the following exact triangle:
A n is defined similarly. Proposition 3.8. Let {A n , α n } n∈N be a countable inverse system in hNSp. Then for all B ∈ hNSp there is a short exact sequence of abelian groups
Proof. We include a proof to emphasize the simplicity of the arguments in this setup. Applying the functor hNSp(B, −) to the exact triangle (6) we get a long exact sequence:
Thus we get a short exact sequence
hNSp(B, A n )) and
It is easy to see that K = lim ← − hNSp(B, A n ) and C = lim
Proposition 3.9. Let {A n , α n } n∈N be a countable directed system in hNSp. Then for all B ∈ hNSp there is a short exact sequence of abelian groups
Proof. Applying the functor hNSp(−, B) to the exact triangle (7) we get a long exact sequence:
Thus we get a short exact sequence 0 → C → hNSp(B, holim A n ) → K → 0, where
hNSp(A n , B)
hNSp(A n , B)) and
hNSp(ΣA n , B)
hNSp(ΣA n , B)).
Again it is easy to see that K = lim ← − hNSp(A n , B) and C = lim ← − 1 hNSp(ΣA n , B).
Proposition 3.10. Let {A n , α n } n∈N be a countable directed system in hNSp. Then for every compact object B ∈ hNSp one has an isomorphism
Dually, if {A n , α n } n∈N is a countable inverse system in hNSp, then for every cocompact object B ∈ hNSp one has an isomorphism lim − → hNSp(A n , B) ∼ → hNSp(holim A n , B).
Proof. The assertions follow from Lemma 1.5 of [43] (and its dual).
Example 3.11. Let A be any separable C * -algebra. Then stab(A) = Σ ∞ S (j(A)) is a compact object in NSp, which descends to a compact object in hNSp.
Remark 3.12. In fact, using ∞-colimits one can say something sharper. Let I be a small filtered ∞-category and let p : I → NSp be an ∞-functor. We denote by lim − → (p) the filtered ∞-colimit of this diagram in NSp. If B is a compact object in NSp then, by definition, there is an equivalence of spectra lim − →I NSp(B, p(i)) ≃ NSp(B, lim − → (p)). A dual of this statement refining the isomorphism lim − → hNSp(A n , B) ∼ → hNSp(holim A n , B) above is also valid.
Let SC * δ temporarily denote the category of separable C * -algebras (with discrete morphism spaces) and let SC * denote the topological category of separable C * -algebras. We know that being presentable NS * admits all small ∞-(co)limits whence so does NS * op . In a subsequent project we are going to construct a model structure on Pro ω (SC * δ ), whose homotopy category will contain HoSC * as a full subcategory. Moreover, we are going to relate the homotopy (co)limits in it with the ∞-(co)limits in Pro ω (SC * ∞ ) ≃ NS * op . Recall from Definition 2.19 that there is a stabilization ∞-functor Σ Lemma 3.14. For any nuclear separable C * -algebra A, there is a natural homomorphism π * (A) → K * (A) induced by the corner embedding A → A⊗K. This natural homomorphism is an isomorphism if A is stable.
Proof. Consider the natural homomorphism π * (A) → π * (A⊗K) induced by the corner embedding. Since the noncommutative stable cohomotopy groups coincide with the E-theory groups for stable C * -algebras, one may identify π * (A⊗K) ∼ = E * (A⊗K). Moreover, the nuclearity of A implies that one can naturally identify E * (A⊗K) ∼ = K * (A⊗K) ∼ = K * (A). Here the last identification is due to the C * -stability of topological K-theory, which is natural. The second assertion is clear.
Example 3.15. In Example 11 of [40] it is explained how one can construct an inverse system of separable C * -algebras {C n } n∈N = {(CT(SU(n)), ι * n (P ))} n∈N starting from a principal P Ubundle P on SU(∞). The inverse limit of this diagram in topological * -algebras is the noncommutative twisted version of SU(∞). Using the above Lemma and Theorem 3.13 we deduce that the noncommutative stable cohomotopy groups of lim − → C n in NS * vanish.
3.3.
Finite group C * -algebras. For a finite group (or, more generally, a compact group) G and a G-C * -algebra A, the Green-Julg-Rosenberg Theorem establishes a natural isomorphism K G * (A) ∼ = K * (A ⋊ G). In particular, setting A = C we find that the K-theory of the group C * -algebra C * (G) is isomorphic to the G-equivariant K-theory of a point. One might wonder whether the pattern persists in noncommutative stable cohomotopy. This would show that noncommutative stable cohomotopy of a finite group C * -algebra is isomorphic to equivariant stable cohomotopy of the 0-sphere, which in turn can be computed using the Segal conjecture. Unfortunately, the answer turns out be negative as we presently demonstrate.
Example 3.16. It is known that the G-equivariant 0-th stable (co)homotopy group of a point is isomorphic to the Burnside ring of G. The underlying abelian group of the Burnside ring is generated by the finite set {G/H | H ⊆ G subgroup}. Noncommutative stable cohomotopy is finitely additive, i.e., one has π * (
Let G = Z/p, where p is an odd prime. Then C * (G) is a commutative finite dimensional C * -algebra, whence it decomposes as C * (G) ∼ = p i=1 C. Using the finite additivity of noncommutative stable cohomotopy and the fact that π 0 (C) ∼ = π 0 (S 0 ) ≃ Z, we see that π 0 (C * (G)) ≃ Z p . Now one immediately observes that the rank of π 0 (C * (G)) differs from the rank of the Burnside ring of G, which is 2 since G = Z/p is a simple group.
In general, one can reduce the problem to the computation of the noncommutative stable cohomotopy groups of matrix algebras using Maschke and Artin-Wedderburn Theorems.
